Abstract. Using Serre's proposed complement to Shih's Theorem, we obtain P SL 2 (Fp) as a Galois group over Q for at least 614 new primes p. Under the assumption that rational elliptic curves with odd analytic rank have positive rank, we obtain Galois realizations for 3 8 of the primes that were not covered by previous results.
Introduction
The notorious Inverse Galois Problem is to decide for which finite groups G there exists a Galois extension L/Q with Gal(L/Q) ∼ = G (for short, "occurs over Q"). The optimistic guess that every finite group occurs over Q is natural for at least two reasons. First, by a famous theorem of Hilbert, it is enough to realize G as the Galois group of a regular extension L/Q(t). Now for any field K one says that a finite group G occurs regularly over K if it is the Galois group of a regular extension L/K(t), and there are many fields (e.g. C, R, Q p . . .) over which every finite group is known to occur regularly.
There is also the lure of inductive reasoning: it is known that many, many finite groups (e.g. solvable, symmetric and alternating groups) occur as Galois groups over Q. Still, the progress towards realizing all groups has been anything but steady: some of the "simplest" simple groups are still not known to occur. Consider, for instance, the family of groups P SL 2 (F p ) as p ranges over prime numbers.
Over thirty years ago, Kuang-yen Shih showed that P SL 2 (F p ) occurs regularly over Q if for some N ∈ {2, 3, 7}, the Kronecker symbol ( N p ) is equal to −1 [6] . Later, Gunter Malle showed that ( 5 p ) = −1 is also sufficient for P SL 2 (F p ) to occur regularly over Q [4] . Note that these two results leave a density 1 16 set of primes unaccounted for. To the best of my knowledge, no further occurrences of P SL 2 (F p ) over Q, regular or otherwise, have been established.
In 1988 Serre proposed a method of extending Shih's theorem to realize new groups P SL 2 (F p ) over Q. This method is discussed in his book Topics in Galois Theory [7] . Referring to a calculation of Noam Elkies, Serre remarks that the method works to realize P SL 2 (F 47 ) over Q; notice that p = 47 is covered by Malle's result but not by Shih's. Strangely, no additional examples of the method are given or asked for.
In this note we analyze Serre's method and show that it works to give realizations of P SL 2 (F p ) over Q for many primes p not obtainable by any previous result. (N, p) , defined over Q, with Galois group P SL 2 (F p ).
In the case that C(N, p) ∼ = P 1 , this means precisely that P SL 2 (F p ) occurs regularly over Q. Shih's Theorem is recovered by observing that this occurs for all p when N ∈ {2, 3, 7}. However, whenever C(N, p)(Q) = ∅, there remains the possibility of finding an irreducible specialization. And indeed, we have the following
Theorem 2. (Serre) With hypotheses as above, if C(N, p)(Q) is infinite, then there are infinitely many linearly disjoint Galois extensions L/Q with Galois group
In other words, whereas Shih's theorem says that it suffices for C(N, p) ∼ = P 1 , Theorem 2 says that it also suffices for C(N, p) to be an elliptic curve of positive rank. • For primes p ≡ −1 (mod 4), (
for which w N (σ(P )) = P . Thus, any P ∈ X 0 (N )(Q) which is a fixed point of w N remains Q-rational on C(N, p). For any squarefree N , the fixed points of w N correspond to the set S 1 of elliptic curves with CM by the quadratic order Z[−N ], together with the set S 2 of elliptic curves with CM by the maximal order in Q( √ −N ). Each of the sets S 1 and S 2 forms a complete Gal(Q/Q) orbit; the two orbits are distinct if and only if −N ≡ 1 (mod 4). In each case, the associated Γ 0 (N )-structure is given by E[ √ −N ]. It follows that there are Q-rational fixed points exactly when Q( √ −N ) has class number 1, which fortunately enough is the case for N = 11 and N = 19 (but not for N = 17).
Thus, for N = 11 or 19, taking the unique Z[
]-fixed point of w N to be the origin endows both X 0 (N ) and C(N, p) with the structure of a rational elliptic curve. Since X 0 (N ) is an elliptic curve whose j-invariant is neither 0 nor 1728, the group of automorphisms of X 0 (N ) fixing 0 is ±1, and it follows that under our identifications we simply have w N = −1. In other words, the twist of X 0 (N ) via w N and Q( √ p * )/Q is just the quadratic twist by p * in the usual sense. Finally, the sign of the functional equation for both X 0 (11) and X 0 (19) is +1, so the sign of the functional equation for However, when N = 17, Serre's method fails for local reasons:
Proposition 5. For any prime number p with ( 17 p ) = −1, C(17, p)(Q 17 ) = ∅. Proof: In contrast to the cases of N = 11 and 19, the Atkin-Lehner involution w on X 0 (17) has no Q-rational fixed points, so is certainly not the same as an elliptic curve inversion. Nevertheless w is still a hyperelliptic involution -i.e., X 0 (17)/w ∼ = P 1 -so that X 0 (17) may be written in the form y 2 = P (x) for a quartic polynomial P ∈ Q[x] and w : (x, y) → (x, −y). An explicit polynomial P (x) has been supplied to us by Elkies [2] : we may take P (x) = x 4 − 10x 3 − 3x 2 + 4x − 8. Thus C(17, p) is given by the equation p * y 2 = x 4 −10x 3 −3x 2 +4x−8. However, the condition ( 17 p ) = −1 ensures that any two of the numbers p * differ (multiplicatively) by an element of Q ×2 p , hence all such curves C(17, p) are Q 17 -isomorphic to a single curve -e.g. C(17, 5) -for which the verification of the emptiness of the set of Q 17 -rational points is a straightforward calculation.
Examples
Fix N ∈ {11, 19}. If p ≡ 1 (mod 4) is a prime satisfying ( N p ) = −1, then we have seen that the analytic rank of C(N, p) is odd, so that it is, to say the least, widely believed that C(N, p) has infinitely many Q-rational points. In any given case one can, in principle, verify this just by finding a rational point of infinite order. Better yet: whenever the analytic rank is equal to 1, we know -thanks to the work of Gross-Zagier and Kolyvagin -that the rank is equal to one. And it is easy to check that the analytic rank is 1: one needs only to check that the special value L ′ (C(N, p), 1) is nonzero, which is amenable to approximate computation. Moreover, when the sign in the functional equation is −1, the prevailing wisdom is that the analytic rank should be equal to 1 "most of the time."
Indeed, among all primes p ≤ 3 × 10 5 for which
it is never the case that the analytic rank of either C(11, p) or C(19, p) is odd and greater than one. 1 This yields a list of 612 prime numbers (the smallest is p = 1009) such that P SL 2 (F p ) newly occurs as a Galois group over Q.
On the other hand, when p ≡ −1 (mod 4), the analytic rank of C(N, p) is noticeably less averse to being even and greater than zero.
2 Elkies' computation of 1 In fact, I did not find any prime number p ≡ 1 (mod 4) for which C(11, p) or C(19, p) has analytic rank greater than one.
2 At least apparently: approximate calculation can strongly suggest, but not prove, that an elliptic curve has analytic rank 2.
rank C(11, 47) = 2 is an example of this. Among p < 1000, C(11, p) also has (apparent) analytic rank 2 for 103, 599, and 683. The phenomenon is robust enough to persist upon enforcing the congruence conditions ( 
so P SL 2 (F 4079 ) occurs as a Galois group over Q. 
so P SL 2 (F 5591 ) occurs as a Galois group over Q.
On the basis of these computations, it seems reasonable to conjecture that C(N, p) has positive analytic rank for infinitely many primes p ≡ −1 (mod 4).
Final Remarks
Serre proves an analogue of Proposition 5 when X 0 (N ) has genus zero using more analytic methods -specifically, by constructing certain elements of C(X 0 (N )) in terms of Dedekind's eta function. A generaliztion is given by Quer [5, Theorem 6.2], which can be used to show that (
This brings us to the remark that rational points of C(N, p)(Q) are now called "degree N Q-curves defined over Q( √ p * )." For an account of the relations between Q-curves, Atkin-Lehner twists of modular curves, and projective Galois representations, see [3] .
There are many conjectures (and at last, some theorems) about variation of ranks in a family of quadratic twists, but little has been said about the case of restricting to twists by prime numbers. Note that Vatsal has shown that a positive proportion of all quadratic twists of X 0 (19) have rank 1 [8] . Vatsal's argument could be used to show that C(19, p) has rank one for a positive density set of primes provided we knew the following: This conjecture may not be totally out of reach; by taking M = 4 and replacing Q( √ −3p) with Q( √ p), we get a theorem of Belabas and Fouvry [1] .
